We study classical solutions in the SU (2) Einstein-Yang-Mills-Higgs theory. The spherically symmetric ansätze for all fields are given and the equations of motion are derived as a system of ordinary differential equations. The asymptotics and the boundary conditions at space origin for regular solutions and at event horizon for black hole solutions are studied. Using the shooting method, we found numerical solutions to the theory. For regular solutions, we find two new sets of asymptotically flat solutions. Each of these sets contains continua of solutions in the parameter space spanned by the shooting parameters. The solutions bifurcate along these parameter curves and the bifurcation are argued to be due to the internal structure of the model. Both sets of the solutions are asymptotically flat but one is exponentially so and the other is so with oscillations.
I. INTRODUCTION
The first regular solution of the Einstein-Yang-Mills (EYM) theory found by Bartnik and McKinnon [1] two decades ago stimulated intensive research into Einstein-non-Abelian gauge theories because of their rich geometrical and physical structure. Soon after, the black hole solution and the violation of the no-hair conjecture for these black holes were discovered [2, 3] . Because of this, this model was extended to a few other models, such as a Einstein-Skyrme [4, 5] , Einstein-Yang-Mills-dilaton [6] , Einstein-nonAbelian-Proca [7, 8] and Einstein-Yang-Mills Higgs [8, 9] theories (see [10] for review). Black holes in these theories also violate the no-hair conjecture, and some of them are even claimed to be stable.
Among these, it is found in Ref. [8] that in the spontaneously broken phase of the EYMH model the black hole solution can possess a non-trivial field structure outside horizon. However it is not known whether there exist other solutions (in particular, black hole solutions that violate the no-hair conjecture) to this EYMH theory and whether these solutions are stable or not. In this paper, we extend the work of Ref. [8] by thoroughly studying other non-magnetically charged and asymptotically flat solutions of the * Electronic address: jjia5@uwo.ca in Ref. [8] , we also found two other set of regular solutions and one more set of black hole solutions in this theory. One set of the regular solutions and the black hole solutions are for the minimal EYMH model (with scalar potential equal to zero) and the other set of regular solutions has an oscillatory decaying feature. The black hole solutions are characterized by the nodes of fields and therefore also provide a counter example for the no-hair conjecture. All these solutions are proven to be unstable. Therefore if one demands stability in the no-hair conjecture, the black hole solutions found here will not conflict with it.
The paper is organized as follows. In section II, we first describe the EYMH model. Then we give the spherically symmetric ansätze for the metric, Yang-Mills field and Higgs field, and derive the equations of motion. In section III, we study the boundary conditions and asymptotic behavior that are compatible with the field equations and certain physical criteria. In sections IV and V, numerical solutions for both regular and black hole boundary conditions are found using the shooting method, and their general features are discussed. We emphasis that all solutions found here are new solutions that were not found in previous studies. In the last section VI, we discuss the stability of the solutions and discuss possible extensions.
II. MODEL, EQUATIONS OF MOTION AND ANSÄTZE
The action of the EYMH model could be written as
where g = det g µν and the Lagrangian densities of the gravity part L g and the matter part L m are
The vector field A µ is of SU (2) and the doublet Higgs field Φ has two complex components:
where τ a /2 (a = 1, 2, 3) are the SU (2) generators and φ 1 and φ 2 are complex fields. The field strength
is defined as in flat spacetime and D µ = ∂ µ − igA µ is the covariant derivative, whereg is the gauge coupling constant. R µν and R are the Ricci tensor and scalar respectively, and m and λ are the mass and coupling constant of the Higgs field. Λ appears as a parameter to assure the positive definiteness of the energy.
Variation of the action (1) with respect to g µν , A
(a) ν and Φ † gives rise to the following equations of
The first equation could be written in the trace-reversed form
To find useful solutions to this equation system, we concentrate on the static and spherically symmetric ansätze of the metric, gauge field and Higgs field. The most general form for static and spherically symmetric metric could be written as follows
where if we let
M (r) could be interpreted as the Misner-Sharp mass within radius r [12] .
For the study of black hole solutions, it is more convenient to use an alternative metric of the form
which is obtained from Eq. (8) by defining δ(r) = − ln(R(r)/T (r)). A regular event horizon of this metric requires that
where r h is the horizon radius. For later purpose, we can always rescale the time coordinate in (8) and (10) by dt ≡ T −1 (0)dt and dt ≡ e −δ(r h ) dt respectively, after which we haveT (0) = 1 andδ(r h ) = 0.
These rescalings will simplify the numerical calculations that will be done in the next section. Hereafter we will drop the tilde symbols.
The most general spherically symmetric form of gauge field is given by [2, 8, 13 ]
where a, b, c, d are real functions that only depend on r and t, and (τ r , τ θ , τ ϕ ) are the Lie algebra su (2) bases which satisfy tr(
In particular, here we choose them to be
where J is just the unitary Jacobian matrix for transformation from cartesian to spherical coordinate and
are the usual Pauli matrices. The gauge field (12) has a residual U (1) gauge transformation of the full SU (2) gauge group
A → U AU
where β(r, t) is an arbitrary function. This gauge transformation could be used to put b = 0 in Eq. (12) identically. For the remaining three degrees of freedom, we eliminate two by concentrating only on the purely magnetic and static YM field, i.e., setting a = d = 0 and c = c(r). With this setting, the ansätz (12) is reduced to
The most general form of the Higgs field could be written as
where we can treat the three degrees of freedom ψ a (a = 1, 2, 3) as those of a vector field ψ(x). To yield a spherically symmetric and static energy density, we can use a more useful ansätz by taking φ(x) = φ(r), ψ(x) = ψ(r)n r [8] . To simplify the numerical analysis that will be conducted in the following sections, we further set ψ = 0 henceforth.
To obtain the detailed equations in terms of the fields in these ansätze, one can substitute the ansätze (8), (16) and φ(x) into the system (6). It is found that the system of equations of motion consists of non-linear ordinary differential equations of w (w(r) ≡ c(r)), φ and M
and for the regular solutions, of T
where ′ refers to derivatives with respect to r. Note in these equations and hereafter, we setg = 1 and G N = 1/(4π), which are equivalent to the rescaling r → r √ G N /g and S → g √ G N S, and therefore the system on longer depends on them.
For black hole metric (10), we replace T (r) in Eq. (18c) by T (r) = e δ(r) (1 − 2M (r)/r) 1/2 and Eq. (19) for T (r) is replaced by the field equation for δ(r):
Note that the Eqs. (18)- (20) are identical to equations (4.19)-(4.24) in Ref. [8] and equations (17)- (22) in Ref. [11] . However here we will solve these equations by setting parameters differently. If φ(r) is put to zero, then equations (3)- (5) in Bartnik and Mckinnon's work [1] could be recovered. Because the system has mirror symmetry φ(r) → −φ(r), we only need to concentrate on one case (we pick φ(r → 0) ≤ 0)
for the specification of the boundary conditions, which are necessary in order to solve the equations numerically.
The system of equations (18) and (19) and the system (18) and (20) are only solvable numerically provided proper boundary conditions are given. The former system has singular points at r = 0 and r = ∞ and the latter has singular points at r = r h and r = ∞. In the following two subsections we discuss these boundary conditions. We first examine the behavior of regular solutions at the singular points.
A. Boundary conditions for regular solutions
As r → ∞, we require that the gauge field w(r) and scalar field φ(r) approach constant asymptotic values while the metric function T (r) goes to a constant but nonzero value.
For asymptotically flat spacetime, we can do a careful asymptotic analysis by substituting the following
into the Eqs. (18) and (19) and treating δw, δφ, δM, δT as perturbations. Here we know that the asymptotic value for w(r) is -1 and φ 0 , M 0 and T 0 refer to some asymptotic constants.
It is found that there are three possible asymptotics. The first takes the form
where c is some positive constant, with the following conditions on the parameters in the model
The above parameter setting means that the scalar potential is zero and there is only a kinetic energy of the scalar field that is coupled to gravity. Therefore this case corresponds to the minimal EYMH theory.
The second is given by
where c and c 1 , c 2 are some constants and p(r → ∞) > 1 is a slowly increasing function (slower than r 1 ), with the condition Λ = 0.
The last is the asymptotics that satisfy
The equation system with the last asymptotics has been solved in Ref. [8] . Therefore we will only concentrate on the first two cases. We emphasis that the above three cases are all the allowed asymptotics for the EYMH theory under the demand that the solutions are asymptotically flat.
For r = 0, regularity of the metric and fields requires that there exists a series solution to each function and in particular T (0) = 0. We also impose the finiteness condition at r = 0 for the energy density T 00 , which could be calculated from the right side of Eq. (7). Using the field equation (19), one can show that T 00 satisfies
and thus the finiteness of T 00 (0) requires M (r) ∼ O(r 3 ) as r → 0. These conditions directly lead to the following two possible sets of boundary conditions at small r, classified according to the number of nodes, denoted by k (k ∈ Z + ), of w(r). For odd-k solution, we have
1 The function p(r) in (24b) and (24c) is given by a complicated differential equation that can not be solved analytically. A numerical inspection indicates that it is a function that increases slower than r 1 . The asymptotics for M (r) is obtained by setting c 1 = 0 for φ(r). The general form for M (r → ∞) without setting c 1 (or c 2 ) to zero is given by an equation that dose not allow us to get a compact solution. However, the oscillatory feature for M (r) in this case should still be present.
where
For even k solutions, the boundary condition is
B. Boundary conditions for black hole solutions
For black hole solutions, we have to set
and require the gauge and Higgs field to be finite and smooth at r = r h in order to have a regular event horizon. Using Taylor expansions for fields w(r), φ(r) and M (r) near the horizon, we can get a valid set of boundary data at r = r h :
where w(r h ) ≡ w h and φ(r h ) ≡ φ h . At r = ∞, the same asymptotic analysis as in the previous subsection can be done. It is found that for the case (22), δ(r) takes the form
and for the case (24)
where δφ(r) is given in (24b).
IV. REGULAR SOLUTIONS
With conditions (27) or (28) at r = 0, we use the shooting method to solve the Eqs. (18) and (19) numerically. Using a standard ordinary differential equation solver, we evaluate the initial data for the functions at r = 10 −2 and use tolerance 10 −12 to shoot the parameters (a, b 1 ) for conditions (27) and (a, b 0 ) for conditions (28) and integrate towards r = ∞ to match asymptotics (22)(24). A drawback of the two parameter shooting procedure is its slow convergence. Therefore, we will limit our study to only k = 1 and/or k = 2 solutions. Scalar mass m, scalar coupling λ and cosmological constant Λ are the three parameters on which the shooting process depends. We will clarify how they affect the existence and features of the solution. In the following, subsection IV A contains solutions that match asymptotics 
found in Ref. [3] . In these solutions, φ(r) is identically zero and this identically vanishing φ(r) is a good solution because it dose not contribute any kinetic or potential energy to the system and therefore allows the possibility of asymptotic flatness.
The solutions of our EYMH theory (1) and that are unique to boundary conditions (27) The main feature of these solutions is that there is a bifurcation of the solutions, with bifurcation points being the peak points (points P in Fig. 1 ) of the parameter curves. On each parameter curve, from the peaks along the negative direction of |a| to point (a k−1 , b 1,0 = 0), one find that the configuration of the solutions resembles that of the k − 1 node EYM solution; from the peaks to (a k , b 1,0 = 0), the solutions resemble the k node EYM solution (see Fig. 2 ); while the solutions at the peaks P have the feature that their asymptotic mass (or energy) is relatively larger than other solutions of the same parameter curve. This variation of the solutions along the parameter curve manifestly shows that the solutions to the EYMH theory naturally cover that of the EYM solution, as one should expect. This bifurcation is very different both superficially and in its origin from the bifurcation behavior discovered in Ref. [8] . There the bifurcation depends on the variation of one original parameter in the theory -the mass of scalar, while here the bifurcation occurs purely in the shooting parameter space. For the origin of the phenomenon, in Ref. [8] the EYHM theory is not minimally coupled: they have scalar mass and φ 4 potential terms, and the bifurcation was explained using two length scales
and L 2 =g −1 λ/m 2 . However here in this subsection, the Higgs field is minimally coupled to the gauge field and gravity and therefore essentially there is only one length scale L 1 . Therefore we can not use the same length scale argument and we tend to believe that this bifurcation is simply due to the variation of 
FIG. 2:
The k = 1 and k = 2 regular solutions bifurcating at P of the parameter curve. The solid curves are solutions corresponding to peaks P in the parameter curves.
Higgs field φ(r) and gauge field w(r) along each parameter curve, which is purely an intrinsic structural feature of the EYMH theory under consideration. This is supported by the observation from equation (18c) (with µ = m = λ = Λ = 0) that the mass or energy of the system is crucially dependant on the derivatives w(r) ′ , φ(r) ′ and the deviation of w(r) from ±1 and φ(r) from 0. The derivatives represent the kinetic energy from the gauge and scalar field; and the other terms come from the covariant derivatives of the scalar field, where the non-Abelian field couples to itself and the scalar field. (We emphasis that this feature is unique to non-Abelian gauge theories.) To see how the parameters a and b 1,0 determine the solutions in Fig. 2 , we take k = 1 for example. Along the directions of the parameter curve that |b| increase, from (27h) one see φ(0) ′ increases while w(0) ′ dose not change. This effectively increase the rate that M (r) grows at small r and eventually leads to larger asymptotic mass at the peak P of the parameter curve. The process that the fields and mass function evolve to larger values of r has to be determined from the field equations (18)-(19), whose complicated structure blocks us from gaining further insights about the physics.
Note that throughout this subsection, the solutions found are the solutions to the simplest EYMH models in the sense that both scalar-gravity and scalar non-Abelian gauge field are minimally coupled.
B. Asymptotically flat solutions with asymptotics (24)
From the asymptotics (24b) and (24c), it is seen that that the asymptotic solutions to φ(r) and M (r)
will be oscillatory with a decreasing magnitude, provided that m 2 < 0. The situation for m 2 > 0 will produce hyperbolic asymptotics (from (24b) and (24c)), which corresponds to a spacetime that is far from being flat and therefore is not of interest here. Therefore in this subsection, we will always study the case with m 2 < 0. In solving the equation system with asymptotics (24), we will simply set λ = We study the solutions satisfying (27) with k = 1 first. When m 2 is less than zero, it is found that two continuous curves in the parameter space spanned by a and b 1 start to emerge form the point conditions. These solutions in general are oscillatory and only approach their expectation values at infinity. However, as we decrease b 1 (increase |b 1 |; see Fig. 4 ) along these two solution curves to their end points, the starting radius of the oscillation of φ(r) becomes delayed and the first minimum of φ(r)
is enlarged, and eventually at the end point of each parameter curve, φ(r) becomes flat right after it reached its nonzero minimum value. This violates the asymptotics (24) and will force M (r) to diverge to negative infinity and therefore the end points do not correspond to physical solutions (see Fig. 4 M (r >> 1) ′ = −m 4 /(4λ)r 2 , which directly lead to the divergence of M observed in Fig. 3 (lower right).
The bifurcation of the solutions for each m 2 < −0.046 is similar to that of the solutions discussed in the previous subsection. Again, because the bifurcation is for different choice of the inner parameters a and b 0,1 but not with respect to different choice of m 2 , we can not explain the bifurcation by appealing to the existence of the two scales, as was done in [8] .
For solutions with even nodes (see Fig. 5 ), we similarly found that when 0 > m 2 > −0.002, there exist two curves in parameter space spanned by a and b 0 and eventually these two curves join at m 2 ≈ −0.002.
These solutions also have oscillatory φ(r) and M (r) and their dependence on various parameters are quite similar as that of k = 1 node solutions.
V. BLACK HOLE SOLUTION
Here we solve numerically for the boundary conditions (22) and (30) using w h and φ h as shooting parameters and letting r h = 1. We evaluate the boundary data at r = r h + 10 −2 first and then integrate using 10 −12 as tolerance towards r = ∞ to match asymptotics (22). The solutions to these conditions only have kinetic energy contribution to the total mass from the Higgs field. Again, the solutions exist and bifurcate along continuous curves in the parameter space spanned by w h and φ h (see Fig. 6 for parameter curves and Fig. 7 for solutions) . The end points of these curves form a discrete set {(w h (k), φ h = 0)} where k is the number of nodes of w(r). The solutions corresponding to these end points indeed are just the black hole solutions of EYM theory found in Ref. [2] and a list of the first five w h (k) could also be found there. For the points (w h , φ h ) on the curve that satisfy w h (k) < w h < w h (k − 1), the corresponding solutions of w(r) have k nodes. Similar to the regular solutions, the black hole solutions for each k in general also bifurcate into two classes: the k node solutions that resemble the k − 1 node black hole solutions of EYM theory as |w h | increases along the parameter curve and the k node solutions that resemble the k node black hole solutions of EYM theory as |w h | decreases. Again we take the bifurcation point to be the peaks of the parameter curves, where the solutions have asymptotic masses that are relatively larger than solutions with smaller |φ h |. This bifurcation behavior is again believed to be due to the inner structure of the field equations; but unlike the regular solutions case where we have a simple relations (27) and (28) between the shooting parameters a, b 1,0 and φ ′ (0) and w ′ (0), the relation (30) between w h , φ h and w ′ (r h ), φ ′ (r h ) are quite complicated. We therefore would not study this bifurcation in more details, but just to remind the readers that the solutions here are the black hole solutions to the EYMH theory with scalar field minimally coupled to gauge field and gravity.
VI. DISCUSSION
An important global property of these solutions is their charge. The non-Abelian su(2) electrical charge Q E and magnetic charge Q M of the gauge fields can be defined as [14] 
Using the given ansätze and the asymptotic values, it is found that for all type of solutions
which means the solutions are chargeless in the gauge corresponding to ansätz (16) .
Another important issue is the stability of these solutions. For the equation systems with conditions (25), we know that both their regular and black hole solutions are unstable with respect to linear perturbations [15, 16] . Because the stability depends crucially on the boundary conditions and asymptotics, we need to do a separate examination of the stabilities of the solutions found in this paper. We can carry out the perturbation of SU (2) gauge fields in (12) and Higgs field in (17) along the line of Ref. [15] and Ref. [16] (note we have a sign difference in the definition of w(r) compared to Refs. [15, 16] ):
will be determined later.
Using this perturbation, it is found that the perturbation equation take the same form
where Ψ ≡ (b(r, t), d(r, t), ψ(r, t)) T and H and A are matrix operators as in Refs. [15, 16] . The expression for the eigenvalue square
is also the same as in Refs. [15, 16] 
where N = 1 − 2M/r and S = (1 − 2M/r) −1 T −1 , r 0 = 0 for regular solutions and S = e −δ , r 0 = r h for black hole solutions. The terms in the last line of (39) are the boundary terms that were only implicitly mentioned in Ref. [16] . Because the expressions (38) and (39) are exactly the same as in Refs. [15, 16] , our arguments will follow exactly these references. We only need to pay attention to the applicability of our asymptotics (22), (24) and (31) and (32), because they are the only relevant difference from those of Refs. [15, 16] . Below, we show the details of the arguments. Ψ|A|Ψ is finite. This shows that the eigenvalue is negative and therefore the solutions are unstable.
For black hole solutions, we will show that for some properly chosen z(r), Ψ|H|Ψ is negative definite and terms in the integrand of Ψ|A|Ψ decrease fast enough so that this term is finite. Moreover, we also need z(r = r h ) = 0 for the perturbation (35) to vanish at the horizon. These conditions can be satisfied by a z(r) chosen according to Ref. [16, 17] . This involves defining the tortoise coordinate r * by
and a set of functions z k (r * ) by 
If we let z(r) = z k (r * (r)) in (39), we see that the boundary terms (last line) vanish at horizon (corresponds to r * = −∞) because z k (r * = ∞) = 0 and vanish at space infinity because of the asymptotics (22), (24) and (31) and (32). One can also see that the second and third lines of (39) will vanish uniformly as k → ∞. This establishes that Ψ|H|Ψ is negative definite. This choice of z(r) with |z(r)| ≤ 1 and the asymptotics (22), (24) and (31) and (32) also guarantee that the integrand of (38) vanishes at least at the speed of 1/r 2 as r becomes large and therefore Ψ|A|Ψ is finite. Therefore again the eigenvalue is negative and the solutions are unstable.
Even though the EYM theory and its extensions have very interesting theoretical features, they are only relevant in few known objects in nature. One of these is the neutron stars, where the matter becomes very dense so that the gravity is very strong and the gluon fields become the fundamental degrees of freedom. The matter in neutron stars is usually described by effective Quantum Chromodynamical theories and chemical potential in this matter is large and important. Our original hope for this paper was to study the effect of a nonzero chemical potential to the EYMH theory. However, the reduced spherical symmetric form of the gauge fields -ansatz (16) -that is used by previous studies on EYMH theory, dose not allow a consistent and simple introduction of the chemical potential that respects the spherical symmetry. Because a non-spherically symmetric setup in this case is very difficult, one can only attempt to construct a consistent theory with nonzero chemical potential and spherical symmetry from other forms of reduction of the most general gauge field ansatz (12) and its gauge equivalents (e.g., see
Ref. [14] ). The result of this attempt will have to be reported later.
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